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Long-range donor-acceptor electron transport mediated by α helices
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B. M. A. G. Piette ‡ and W. J. Zakrzewski §
Department of Mathematical Sciences, University of Durham, Durham DH1 3LE, United Kingdom
(Received 28 August 2019; published 19 December 2019)
We study the long-range electron and energy transfer mediated by a polaron on an α-helix polypeptide chain
coupled to donor and acceptor molecules at opposite ends of the chain. We show that for specific parameters of
the system, an electron initially located on the donor can tunnel onto the α helix, forming a polaron, which then
travels to the other extremity of the polypeptide chain, where it is captured by the acceptor. We consider three
families of couplings between the donor, the acceptor, and the chain and show that one of them can lead to a
90% efficiency of the electron transport from donor to acceptor. We also show that this process remains stable at
physiological temperatures in the presence of thermal fluctuations in the system.
DOI: 10.1103/PhysRevE.100.062205
I. INTRODUCTION
The mechanisms behind the highly efficient long-range
electron transfer (ET) in redox reactions accompanying pho-
tosynthesis and cellular respiration have been intensively dis-
cussed over several decades [1,2]. This transfer takes place at
macroscopic distances along the so-called electron transport
chain in Krebs cycles in membranes of chloroplasts, mito-
chondria, or cells and occurs at physiological temperatures.
Conventional mechanisms such as tunneling and the Förster
and Dexter mechanisms [3–5] cannot provide such long-range
ET even at zero temperature, let alone 300 K. Nevertheless, it
should be noted that the very structure of the ET chain can
facilitate these processes. An ET chain consists of a spatially
separated sequence of biological molecular complexes (pep-
tides, enzymes, etc.), along which the sequential transport
of electrons takes place via redox processes, so that every
site in this chain plays the role of an acceptor for the left
neighbor and a donor for the right one along the chain (see,
e.g., [6]). The electron transport chain in mitochondria can be
schematically represented as the following sequence:
NADH+H+ →complex I →Q → complex II → complex III
→ cyt c → complex IV → O2.
Here NADH + H+ is nicotinamide adenine dinucleotide,
which serves as the substrate; complex I is NADH coenzyme
Q reductase; Q is ubiquinone coenzyme; complex II is succi-
nate dehydrogenase; complex III is cytochrome bc1; cyt c is
cytochrome c; complex IV is cytochrome c oxidase; and O2 is
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molecular oxygen. Another example of the electron transport
chain can be found in [7].
In each elementary process, at the onset, there is a release
of four electrons at the substrate, which then are carried
along the chain with the reduction of molecular oxygen and
hydrogen ions to a water molecule at the final stage of the
process. This transport of electrons is so exceptionally effi-
cient that only a tiny percentage of electrons leak out to reduce
oxygen. The complexes in the ET chain can be conventionally
divided into two groups: heavy and light ones. In particular,
in ET chains, elements such as ubiquinone or cytochrome
cyt-c have relatively small molecular weight, which leads to
their high mobility. They can move outside the mitochon-
drial membrane, carrying electrons from a heavy donor to a
heavy acceptor via a linear, e.g., the Förster mechanism [3,5].
Some other complexes in the electron transport chain, such as
NADH-ubiquinone oxireductase, flavoproteids, cytochrome
c-oxidase, cyt aa3, and cytochrome cyt bc1, are proteins
with higher molecular weight of up to several hundreds of
kilodaltons. Conventional linear mechanisms cannot provide
coherent transport of electrons across these heavy enzymes,
either as a whole or internally between cofactors separated
by macroscopic distances, for instance, porphyrins, metal
clusters, etc., that are separated by macroscopic distance.
Nevertheless, their regular crystal-like structure can facilitate
ET, as is discussed below. For instance, inside some large
enzymes like NADH ubiquinone oxidoreductase there can be
several long pathways for electron transport [2], where one
can identify the α-helical part of the enzyme between the
donor and the acceptor.
A significant part of heavy macromolecules is in the α-
helical conformation, whose regular structure results in the
formation of electron bands in their energy spectrum. The
α-helical structure is stabilized by relatively weak hydrogen
bonds resulting in strong electron-lattice interactions, and
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thus in the polaron effect. An α-helical segment of a protein
contains three almost-parallel polypeptide strands bound by
hydrogen bonds along the strands, with weak interactions
between these strands. An isolated strand is described by
the Fröhlich Hamiltonian, and this description leads to a
system of coupled nonlinear equations for the electron wave
function and lattice variables and admits soliton solutions.
The possibility of self-trapping of electrons in an isolated
one-dimensional molecular chain, like a polypeptide strand,
was first shown in [8] (see also [9,10]) and later it was also
demonstrated in helical systems [11–13]. The soliton solu-
tions of these models are particular cases of a large polaron.
Such a polaron can be described as a crossover between an
almost-free electron and small polaron states depending on
the strength of the exchange interaction energy, the electron-
lattice coupling constant, the number of phonon modes, their
type, and the corresponding Debye energies [14]. The soliton
properties depend on the parameters of the system. Moreover,
the helical structure of proteins was shown to lead to the
existence of several types of soliton solutions of the model
with different properties and symmetries [13]. In such soliton
states electrons can propagate along macromolecules almost
without any loss of energy.
The results mentioned above have been obtained for iso-
lated strands or helices, while in reality, the electron transport
occurs in the donor-bridge-acceptor system, as is the case for
the ET chain in the Krebs cycles. The simple case when the
bridge is modeled as a polypeptide strand was studied in [15].
It was shown there that the long-range ET can be provided
by the soliton mechanism within a wide range of parameter
values of the donor, acceptor, and polypeptide strands.
In the present paper we study the possibility of a coherent
long-range electron transport in the donor–α-helix–acceptor
system. As one can expect, the formation of the soliton on
the α helix depends on the helix-donor and helix-acceptor
couplings, as well as on the parameters of the system under
study (see, e.g., [15–17]), and we can find conditions which
lead to the formation of a soliton on the helix.
There are two other aspects of the model developed in
the present paper. The first one is related to the fact that the
functioning of the ET chain is tightly connected with the pro-
duction of adenosine triphosphate (ATP): In most organisms
the majority of ATP is generated in ET chains (see, e.g., [18]).
The energy of the hydrolysis of ATP into ADP is the basic unit
of energy used in biological systems, in particular in muscles
to produce mechanical work and to establish electrochemical
gradients across membranes, in biosynthetic processes, and in
many other physiological and biochemical processes neces-
sary to maintain life. The amount of energy released by ATP
hydrolysis is approximately 0.43 eV, which is only 20 times
the thermal energy at physiological temperatures and is not
enough for an electronic excitation. It is sufficient to excite
some vibrations, such as an amide I vibration, an excitation
which requires an energy of 0.21 eV. Amide I is mainly (up
to 80%) the stretching vibration of a double C=O bond of the
peptide group, which has a relatively large dipole moment 0.3
D oriented along the α-helix axis. This excitation is registered
in optical spectra of polypeptide molecules, its wavelength
being 1650 cm−1, and, according to [19], the ATP hydrolysis
energy is transferred along protein macromolecules in the
form of amide I vibration. (For more details see [9,10,20–22]
or the more recent [23,24].)
As has been shown by Davydov, the amide I vibration
can be self-trapped in a macromolecule into a soliton state
and carried along it to the place where it is utilized for
biochemical or mechanical needs [9,10]. This process, from
a mathematical point of view, is described formally by the
same system of equations as the ET. Therefore, the results
obtained here are equally valid for such energy transfer
processes.
The second aspect of the model is related to the potential
importance of our results for micro- and nanoelectronics
where conjugated donor-acceptor copolymer semiconductors
with intramolecular charge transfer on large distances are
widely used. A large number of such systems have been
recently synthesized. They include donor-acceptor pairs me-
diated by salt bridges [25], thienopyrazine-based copolymers
[26], and some others [27–29]. Donor-bridge-acceptor sys-
tems with efficient ET play an important role in electronic
applications [30–33]: They can be used in photovoltaic cells
[29,34–36], light-emitting diodes [37–40], and field-effect
transistors [41–44], in particular thin-film organic field-effect
transistors [45]. Proteins and synthetic macromolecules have
great technological potential; one example is the improvement
of efficiency and UV photostability of planar perovskite solar
cells using amino-functionalized conjugated polymers as ET
materials [27,29].
Recent novel applications in bioelectronics such as or-
ganic photovoltaics and fuel cell technology are based on
metalorganic frameworks or structures that are complexes of
electroconducting compounds or substrates and polypeptides
(see, e.g., [46–48] and references therein). It has been shown
that both the peptide composition and structure can affect the
efficiency of electron transport across peptides [47]. More-
over, long-range conductivity and enhanced solid-state elec-
tron transport in proteins and peptide bioelectronic materials
have been proven experimentally [49,50]. The effectiveness of
electron transport processes in living systems is already used
in novel electronic devices, e.g., in Shewanella Oneidensis
MR-1 cells, based on multiheme cytochrome-mediated redox
conduction [51], or in synthesized supramolecular charge-
transfer nanostructures based on peptides [52], synthetic bi-
ological protein nanowires with high conductivity [53], self-
assembled peptide nanotubes used as electronic materials
[54], and many others. We quote Ref. [49]: “The ability
of such natural and synthetic protein and peptide materials
to conduct electricity over micrometer to centimeter length
scales, however, is not readily understood from a conven-
tional view of their amino acid building blocks. Distinct
in structure and properties from solid-state inorganic and
synthetic organic metals and semiconductors, supramolecular
conductive proteins and peptides require careful theoretical
treatment. . . .” This is one of the factors which have motivated
our interest in the problems discussed in the present paper
and we hope that our study will shed some light on this
problem.
In the next section we derive a model of the α helix
coupled to a donor molecule and an acceptor molecule. This
model is a combination of the models derived in [13,15]. We
then perform a parameter scaling to make all the parameters
062205-2
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FIG. 1. Model of the α helix with a donor and an acceptor. The
solid line represents the helix backbone formed by chemical bonds,
the dashed lines represent the hydrogen bonds that are links along
the strands, and the dash-dotted lines represent the links between the
donor or acceptor and the different strands. The numbers 1, 2, and 3
label the three strands.
dimensionless and derive the equations in such units. After
selecting the parameters that best describe the α-helical pro-
tein, we compute the profile of a static self-trapped electron
state (solitonlike or, in other words, large polaron state, which
for simplicity we call from now on a polaron) by solving
the model equations numerically. We then study various
configurations where the electron density has been set to 1
on the donor and 0 elsewhere and let the system evolve.
We do this for three different types of couplings between
the donor and acceptor to the α helix and we determine
numerically the donor and acceptor coupling parameters that
lead to the best transfers of the electron. We end the paper
by describing the solutions we have found and draw some
conclusions.
II. MODEL OF THE DONOR–α-HELIX–ACCEPTOR
SYSTEM
We consider a polypeptide chain in an α-helical config-
uration made out of N peptide groups (PGs), with a donor
molecule attached to one end and an acceptor molecule at-
tached to the other end. The peptide chain forms a helical
structure in which each molecule is coupled by chemical
bonds to its neighbors along the chain as well as to the PG
three sites away from it by hydrogen bonds. With this three-
step coupling, the α helix can also be seen as three parallel
chains [55], which we refer to as strands in what follows. This
model is depicted in Fig. 1.
We label the PGs with the index n along the polypeptide
chain and use n = 0 for the donor and n = N + 1 for the
acceptor. This means that PGs with an index difference which
is a multiple of 3 belong to the same strand of the α helix.
The donor and the acceptor can, a priori, be coupled,
respectively, to the first three and the last three peptides, i.e.,
with the nodes n = 1, 2, 3 and N = N − 2, N − 1, N . In our
study, we will consider three different types of couplings,
but for now we assume that all the coupling parameters are
different.
The Hamiltonian of the system is given by
H = He +Hp +Hint, (1)
where He, Hp, and Hint are, respectively, the phonon, elec-
tron, and interaction Hamiltonians given by
He = Ed |0|2 + Ea|N+1|2 + E0
N∑
n=1
|n|2 − J
N−3∑
n=1
(n∗n+3 + n+3∗n ) + L
N−1∑
n=1
(n∗n+1 + n+1∗n )
−
3∑
=1
Dd,(0∗ + ∗0 ) −
3∑
=1
Da,(N+1∗N−3+ + N−3+∗N+1), (2)
Hp = 12
[
P2d
Md
+ P
2
a
Ma
]
+ 1
2
3∑
=1
[W d,(U0 − U)2 + W a,(UN+1 − UN−3+)2] + 12
N∑
n=1
P2n
M
+ 1
2
N−3∑
n=1
W (Un+3 − Un)2, (3)
Hint = |0|2
3∑
=1
χd,(U − U0) + |N+1|2
3∑
=1
χa,(UN+1 − UN−3+) +
3∑
=1
||2[χd,(U − U0) + χ (U+3 − U)]
+
3∑
=1
|N−3+|2[χa,(UN+1 − UN−3+) + χ (UN−3+ − UN−6+)] + χ
N−3∑
n=4
|n|2(Un+3 − Un−3). (4)
In these expressions, E0 describes the on-site electron energy,
J the resonance integral along the strands, L the resonance
integral along the helix, M the mass of the unit cell, χ the
electron-lattice coupling, and W the elasticity of the bond
along the strands. The constants with subscript d or a refer
to parameters of the donor and the acceptor, respectively.
The functions n describe the electron wave function (and
so |n|2 describes the electron probability of being at the site
n) and Un describe the displacement of molecule n along the
strands; Pn are the canonically conjugated momenta of Un. Of
course, the electron wave function satisfies the normalization
condition
N+1∑
n=0
|n|2 = 1, (5)
where, following our convention, 0 = d and N+1 = a.
Our model is meant to describe the case in which the
principal chain can be sufficiently well approximated by one
phonon band corresponding to an acoustical phonon mode
which describes the longitudinal displacements of the unit
cells from their positions of equilibrium along the helix’s
062205-3
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strands. The electron-lattice interaction Hamiltonian induces
a dependence of the electron Hamiltonian on the lattice distor-
tions. We also assume here that the dependence of the on-site
electron energy on the lattice distortion is much stronger than
that of the intersite electron interaction energy.
The model we present here is a combination of the polaron
model of the α helix which was described in detail in [13]
and of the donor-acceptor model described in [15]. The first
model describes polarons on an α helix, instead of using the
traditional single chain, proposed by Davydov [9,10], which
corresponds to what we call a strand in this paper. In fact, it
was shown in [13] that the polaron is spread over the three
strands, hence the relevance of using a more realistic helical
model. The paper in [15] describes a model of the transfer
of an electron from a donor molecule to an acceptor one via
the coherent propagation of a polaron along a simple chain (a
single strand in the present model). The model we describe
here is a combination of these two models in which the donor
and the acceptor are coupled to a proper α helix instead of to
a single strand.
III. PARAMETER SCALING
To facilitate the analysis of the model solutions, it is
convenient to scale the parameters so that they become di-
mensionless. Thus, following [13], we perform the following
scalings:
d = 10−11 m, un = Und , τ = tν,
E0 = E0h¯ν , Ed =
Ed
h¯ν
, Ea = Eah¯ν ,
J = J
h¯ν
, Da = Dah¯ν , Dd =
Dd
h¯ν
,
W = W
ν2M
, Wd, = W d,
ν2M
, Wa, = W a,
ν2M
,
χ = dχ
h¯ν
, χd, =
dχd,
h¯ν
, χa, =
dχa,
h¯ν
,
L = L
h¯ν
, Kd = MMd , Ka =
M
Ma
. (6)
As a result, the Hamiltonian takes the formHp = Mν2d2Hp,He = h¯νHe, andHint = h¯νHint , where the dimensionless terms are
He = Ed |0|2 + Ea|N+1|2 + E0
N∑
n=1
|n|2 − J
N−3∑
n=1
(n∗n+3 + n+3∗n ) + L
N−1∑
n=1
(n∗n+1 + n+1∗n )
−
3∑
=1
Dd,(0∗ + ∗0 ) −
3∑
=1
Da,(N+1∗N−3+ + N−3+∗N+1), (7)
Hp = 12
[
1
Kd
(
du0
dt
)2
+ 1
Ka
(
duN+1
dt
)2]
+ 1
2
3∑
=1
[Wd,(u0 − u)2 + Wa,(uN+1 − uN−3+)2]
+ 1
2
N∑
n=1
(
dun
dt
)2
+ 1
2
N−3∑
n=1
W (un+3 − un)2, (8)
Hint = |0|2
3∑
=1
χd,(U − U0) + |N+1|2
3∑
=1
χa,(UN+1 − UN−3+) +
3∑
=1
||2[χd,(U − U0) + χ (U+3 − U)]
+
3∑
=1
|N−3+|2[χa,(UN+1 − UN−3+) + χ (UN−3+ − UN−6+)] + χ
N−3∑
n=4
|n|2(Un+3 − Un−3). (9)
We must thus have Mν2d2 = h¯ν and so ν = h¯/Md2. With M = 1.9112 × 10−25 kg [15], as h¯ = 1.054 × 10−34 J s, we have
ν = 5.51 × 1012 s−1.
Before deriving the dimensionless equations it is also convenient to multiply the wave function by a time-dependent phase
and so we define
ψ (t ) = (t ) exp
(
− it
h¯
(E0 + 2L − 2J )
)
. (10)
Following [15], we also add to the acceptor equation a term of the form i∑3=1 Aa,|ψN−3+|2ψN+1, which describes the transfer
of the electron from the α helix to the acceptor and has a clear physical meaning: The higher the probability of the electron
062205-4
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localization at the terminal end of the helix, the higher the probability of its transfer to the acceptor. It is easy to check that this
extra term does not violate conservation of the total electron probability.
From the above Hamiltonian (1) and (7)–(9) one can easily derive the equations for Un and n,
i
d0
dτ
= (Ed − E0 − 2L + 2J )0 −
3∑
=1
Dd, + 0
3∑
=1
χd,(u − u0),
i
d
dτ
= (2J − 2L) − J+3 + L[+1 + −1(1 − δ,1)] − Dd,0
+χd,(u − u0) + χ(u+3 − u), l = 1, 2, 3,
i
dn
dτ
= (2J − 2L)n − J (n+3 + n−3) + L(n+1 + n−1) + χn(un+3 − un−3), n = 4, . . . , N − 3,
i
dN−3+
dτ
= (2J − 2L)N−3+ − JN−6+ + L[N−4+ + N−2+(1 − δ,3)] − Da,N+1
+χa,N−3+(uN+1 − uN−3+) + χN−3+(uN−3+ − uN−6+)
− iAa,|N+1|2N−3+, l = 1, 2, 3,
i
dN+1
dτ
= (Ea − E0 + 2J − 2L)N+1 −
3∑
=1
Da,N−3+ + N+1
3∑
=1
χa,(uN+1 − uN−3+) + i
3∑
=1
Aa,|N−3+|2N+1,
d2u0
dτ 2
= Kd
( 3∑
=1
Wd,(u − u0) +
3∑
=1
χd,(|0|2 + ||2)
)
,
d2u
dτ 2
= W (u+3 − u) + Wd,(u0 − u) − χd,(|0|2 + ||2) + χ (||2 + |+3|2),  = 1, 2, 3,
d2un
dτ 2
= W (un+3 + un−3 − 2un) + χ (|n+3|2 − |n−3|2), n = 4, . . . , N − 3,
d2uN−3+
dτ 2
= W (uN−6+ − uN−3+) + Wa,(uN+1 − uN−3+)
+χa,(|N+1|2 + |N−3+|2) − χ (|N−3+|2 + |N−6+|2), l = 1, 2, 3,
d2uN+1
dτ 2
= Ka
( 3∑
=1
Wa,(uN−3+ − uN+1) −
3∑
=1
χa,(|N+1|2 + |N−3+|2)
)
, (11)
where δi, j is the Kronecker delta function. We now need to
select the parameter values that best describe the α helix.
Parameter values
For the numerical modeling we need to use some numer-
ical values of the parameters. We recall that, in particular,
the parameter values for the polypeptide macromolecules
are Jamide I = 1.55 × 10−22 J ≈10−3 eV, Je ≈ 0.1–0.01 eV
≈10−21–10−20 J, χ = 35–62 pN,w = 39–58 N/m, and Vac =
(3.6–4.5) × 103 m/s [10]. The molecular weights of large
macromolecules which participate in the electron transport
chain in redox processes are 980 ku for NADH-ubiquinone
oxidoreductase, 480 ku for cytochrome bc1 complex, and
420 ku for cytochrome c-aa3 oxidase. The mass of cyt-c is
12 ku, in which the hem-A group has a molecular weight of
852 u and the hem-B group has 616 u, which are 3–5 times
larger than the molecular weight (100–200 u) of amino acids
that form macromolecules. Studies of the mitochondrial ET
chain show that the electrochemical potential for the transfer
of an electron is Eec = 1.135 V [56,57].
For completeness of the study we also summarize the
data on the parameter values of other relevant compounds
in accordance with the discussion in the Introduction.
The molecular weights of many conjugated polymer
semiconductors vary in the range 10–176 ku and the
hole mobility is (4 × 10−4)–(1.6 × 10−3) cm2/(V s). The
ionization potential and electron affinity potential for
some donor-acceptor copolymer semiconductor molecules
are 2.5–4.5 and 1.5–3.1 eV, respectively [58]. The
electrochemical band gap E (el )g = EIP − EEA is 1.5 eV for
poly(5,7-bis(3-dodecylthiophen-2-yl)thieno[3,4-b]pyrazine)
(BTTP), 1.84 eV for poly(5,7-bis(3-dodecylthiophen-2-
yl)thieno[3,4-b]pyrazine-alt-1,4-bis(decyloxy)phenylene)
(BTTP-P), and 2.24 eV for poly(5,7-bis(3-dodecylthiophen-
2-yl)thieno[3,4-b]pyrazine-alt-9,9-dioctyl-2,7-fluorene)
(BTTP-F), which are 0.4–0.6 eV larger than the optically
determined ones E (opt )g = 1.1–1.6 eV. This difference
can be explained by the exciton binding energy of
conjugated polymers which is thought to be in the
range of Eex ≈ 0.4–1.0 eV [59,60]. Thienopyrazine-
based donor-acceptor copolymers such as BTTP,
062205-5
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(a) (b)
FIG. 2. Polaron with E0 = Ed = Ea = 0, J = 0.145, L = Dd,3 = Da,1 = 0.231, Dd,1 = Dd,2 = Da,2 = Da,3 = 0, W = Wd,1 = Wd,2 =
Wd,3 = Wa,3 = 1.825, Wa,1 = Wa,2 = 0, χd, = 0.318, χd, = χa, = 0, Aa, = 0, and Kd = Ka = 1. (a) Electron probability densities are plotted
versus the index on the polypeptide chain. Profiles of the three strands are shown as separate curves. (b) Electron density along the α-helix
backbone.
poly(5,7-bis(3-dodecylthiophen-2-yl)thieno[3,4-b]pyrazine-
alt-2,5-thiophene) (BTTP-T), BTTP-F, and BTTP-P have
moderate to high molecular weights, broad optical absorption
bands that extend into the near-infrared region with absorption
maxima at 667–810 nm, and small optical band gaps
(1.1–1.6 eV). They show ambipolar redox properties with
low ionization potentials [highest occupied molecular orbital
(HOMO) levels] of 4.6–5.04 eV. The field-effect mobility
of holes varies from 4.2 × 10−4 cm2/(V s) in BTTP-T to
1.6 × 10−3 cm2/(V s) in BTTP-F (see [26]). The reduction
potentials of BTTP, BTTP-P, and BTTP-F are −1.4, −1.73,
and −1.9 V [vs the saturated calomel electrode (SCE)],
respectively. The oxidation potentials of the copolymers
are in the range 0.29–0.71 V (vs the SCE). The onset
oxidation potential and onset reduction potential of the
parent copolymer BTTP are 0.2 and −1.3 V, respectively,
which give an estimate for the ionization potential (HOMO
level) of 4.6 eV (EIP = Eonsetox + 4.4) and an electron affinity
(lowest unoccupied molecular orbital level) of 3.1 eV
(EEA = Eonsetred + 4.4). The 4.6-eV EIP value of BTTP is
0.3 eV lower than that of poly(3-hexylthiophene) (4.9 eV),
whereas its EEA value (3.1 eV) is 0.6 eV higher than that
reported for the poly(2,3-dioctylthieno[3,4-b]pyrazine)
homo-polymer (≈2.5 eV). An EIP value of 4.64 eV
and an EEA value of 2.8 eV were found in the case of
BTTP-P [26].
In what follows, we set the on-site electron energy level
as the zero of energy, and hence we set E0 = 0 . We are also
using a set of model parameters close to those encountered in
polypeptide macromolecules or to the bridge-mediated donor-
acceptor systems summarized above, i.e.,
J = 8.42 × 10−23 J, L = 1.34 × 10−22 J,
W = 10.59 kg/s2, χ = 1.85 × 10−11 J/m, (12)
corresponding to the following adimensional values of the
parameters in our equations:
J = 0.145, L = 0.231, W = 1.825, χ = 0.318.
(13)
The order of magnitude of these parameters values is
close to the parameter values for the electron transport in
polypeptides and for other systems described above. Our aim,
for these systems, is to establish a proof of concept of the
soliton-mediated long-range ET rather than a performing a
detailed study of their actual fine properties.
Before studying the transfer of an electron from the donor
to the acceptor we have computed the profile of the static
polaron on the helix for the parameters given in (13). This
profile is shown in Fig. 2. To obtain this profile, we have
relaxed Eqs. (11), using donor-acceptor parameter values so
that they do not interact with the chain. One can see clearly
from Fig. 2, where the index i runs along the polypeptide
helix and each curve corresponds to a different strand, that the
static polaron is a broad localized lump which winds around
the polypeptide chain rather than a single soliton located on a
single strand or three identical solitons located on each of the
strands.
IV. CLASSES OF COUPLINGS
Having so far defined a model with a general set of cou-
plings between the α helix and the donor and acceptor, we
will now restrict ourselves to three families of couplings.
In the first set, the donor and the acceptor are coupled to all
three strands of the helix using identical coupling parameters.
So we have
Dd,1 = Dd,2 = Dd,3 = 0, Da,1 = Da,2 = Da,3 = 0,
Wd,1 = Wd,2 = Wd,3 = 0, Wa,1 = Wa,2 = Wa,3 = 0. (14)
We call such a configuration the full homogeneous coupling.
The second configuration describes the case in which the
donor and the acceptor are coupled to only one strand, so
Dd,1 = 0, Dd,2 = Dd,3 = 0,
Da,1 = 0, Da,2 = Da,3 = 0,
Wd,1 = 0, Wd,2 = Wd,3 = 0,
Wa,1 = 0, Wa,2 = Wa,3 = 0,
Aa,1 = 0, Aa,2 = Aa,3 = 0. (15)
We call this the single-strand coupling. Notice that the donor
is coupled to the first peptide of the helix, i.e., to the first
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(c)(b)(a)
(f)(e)(d)
FIG. 3. Profile of ||2 for the full homogeneous coupling during the transfer from donor to acceptor for (a) τ = 25, (b) τ = 50, (c) τ = 100,
(d) τ = 150, (e) τ = 200, and (f) τ = 500.
peptide group of the first strand, but the acceptor is coupled
to the ante-penultimate peptide of the helix, i.e., to the last
peptide group on the same strand.
For the third configuration we consider the case when the
donor and the acceptor are coupled only to the first and last
peptides on the α helix, so
Dd,1 = 0, Da,3 = 0, Wd,1 = 0, Wa,3 = 0, Aa,3 = 0,
(16)
while the other parameters are equal to zero. We call this case
the end-to-end coupling.
To find the best parameter values for the transfer of the
electron from the donor to the acceptor, we have integrated the
system of equations (11) numerically on a lattice of 180 PGs.
As the initial condition we have set the electron probability
FIG. 4. Full homogeneous coupling: plot of max(|N+1|2) for
τ  500 as a function of Aa for different values of Ea and the
parameter values in (14).
density to 1 on the donor and to 0 everywhere else. We then
integrated Eqs. (11) numerically up to τ = 500. This time was
so chosen because it is roughly 3 times longer than it takes
for the polaron to reach the end of the 180-peptide chain.
The value of |N+1|2 varies with time, but tends to increase
modulo some oscillations. To evaluate max |N+1|2 we have
tracked its value during the evolution and recorded the largest
value obtained before τ  500.
We first determined the best donor parameters so that the
electron is fully transferred onto the α helix. We then scanned
a very large range of parameter values for the acceptor to de-
termine the one for which the maximum value of the electron
probability density on the acceptor, max |N+1|2, reaches the
largest value.
We will now describe the results we have obtained for each
type of coupling.
FIG. 5. Full homogeneous coupling: plot of max(|N+1|2) for
τ  500 as a function of Ea for different values of Aa,1 = Aa,2 =
Aa,3 = Aa and the parameter values in (14).
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FIG. 6. Full homogeneous coupling: plot of max(|N+1|2) for
τ  500 as a function of DaS = Da,/J for different values of Aa,1 =
Aa,2 = Aa,3 = Aa and the parameter values in (14).
A. Full homogeneous coupling
The best parameter values we have found to generate a
transfer of an electron from the donor to the acceptor are
(assuming all the values of Aa,, Dd,, Da, Wd,, Wa,, χd,,
and χa, are the same for  = 1, 2, 3)
Ed = 0.25, Dd, = 0.38J,
Wd, = 0.32W, χd, = 0.62χ.
Aa, = 0.62, Ea = 0.194, Da, = 0.175J,
Wa, = 0.14W, χa, = 0.27χ, (17)
and we have found that max ||2 = 0.896 for τ  500. In
Fig. 3 we present the plots of the time evolution of the electron
probability density for the parameters values in (13) and (17).
We can see very clearly that the electron is transferred from
the donor onto the helix and that it then forms a localized wave
that propagates along the helix (see [61]) and has a complex
structure. To understand this result, we have to recall the study
of soliton formation in α helices [13] disregarding the donor-
acceptor problem. There it was shown that there exist several
types of solitons with different energies and symmetries.
This comes from the fact that in the energy spectrum of the
α helix there are three peptide groups per elementary cell
and so three electron energy bands which correspond to the
Davydov splitting. One of these bands is symmetric and has
its minimum in the center of the Brillouin zone, at the wave
vector k = 0, while the other two nonsymmetric lower energy
bands are degenerate and have their minima at, respectively,
k0 = ±9L/
√
3(18J + L). As a result, solitons of the first type
are formed by the electron from the higher energy band and
have an energy which is split from the higher energy band
bottom. On the other hand, the solitons of the second type
have energies which are split from the degenerate energy band
bottoms and are lower than the energy of the first type of
soliton. More importantly, there is a hybrid soliton formed
by the entanglement (hybridization) of electron probabilities
in the two lowest bands due to the Jan-Teller effect and this
soliton has the longest lifetime. For the α-helix parameter
values, which we use in our simulations, this hybrid soliton
has an energy which is almost 50 times lower than the energy
of the first type of soliton. We can expect, and indeed we
will see in what follows, that the full homogeneous coupling
provides the best conditions for launching the hybrid soliton
in the helix as it has the lowest energy and hence leads to the
FIG. 7. Full homogeneous coupling: plot of max(|N+1|2) for
τ  500 as a function of DaS = Da,/J for different values of Ea
and the parameter values in (14).
highest probability for the electron to be transported to the
opposite end of the helix.
The complex solitonlike wave generated in the helix after
the electron has tunneled into it from the donor molecule
corresponds, in our numerical simulations, to this hybrid
soliton. This hybrid soliton is not localized on a single strand;
instead it is distributed between the strands and propagates
along the helix with some intrinsic oscillations, rather than
along a particular strand, a fact which reflects its hybrid
nature. The propagation of this localized polaron is followed
by what looks like incoherent ripples. These ripples describe
the radiated sound waves in the helix. This is because our
system is not completely integrable and while most of the
initial electron energy is transferred to the soliton, some of
it is converted into oscillating soliton tails.
We then studied how max |N+1|2 varies when the acceptor
parameters are varied around their optimal value. This is
shown in Figs. 4–9. To perform these simulations, we have
defined the parameters
DaS = Da,J , WaS =
Wa,
W
, XaS = χa,
χ
, (18)
which relate the different parameters of the donor and the
acceptor to the corresponding ones on the peptide chain.
From Figs. 4 and 5 we first note that the value of the
acceptor electron energy Ea has to be relatively small for the
electron to be transferred to the acceptor and that the values
of Ea and Aa must be finely tuned for a good “capture” of the
electron. The parameters Da, Wa, and χa, on the other hand,
FIG. 8. Full homogeneous coupling: plot of max(|N+1|2) for
τ  500 as a function of WaS = Wa,/W for different values of
Aa,1 = Aa,2 = Aa,3 = Aa and the parameter values in (14).
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FIG. 9. Full homogeneous coupling: plot of max(||2) for τ 
500 as a function of χaS = χa,/χ for different values of Aa,1 =
Aa,2 = Aa,3 = Aa and the parameter values in (14).
offer a much broader tolerance when Ea and Aa are correctly
tuned (see Figs. 6–9). This result has a clear physical meaning,
since at this last stage of the electron transport the dominant
parameters are the strength of the exchange interaction of the
acceptor with the helix and the value of the on-site energy
level on the acceptor, while, on the other hand, the electron-
lattice coupling and the elasticity of the acceptor-helix bond
are much less important. Nevertheless, the last stage of the
transport process is only possible if a proper soliton has been
launched on the helix, carrying most of the initial energy
and electron probability to the acceptor with minimal energy
dissipation into the lattice vibrations and heat generation.
As we will see in the following sections, the effectiveness
of the soliton formation and its parameters are determined
by (i) the helix parameters, mainly by the electron-lattice
coupling and strand elasticity, and (ii) the number of helix
strands coupled to the donor.
B. Single-strand coupling
In this section we couple the donor only to the first node
of the chain: Dd,2 = Dd,3 = Wd,2 = Wd,3 = χd,2 = χd,3 = 0.
We obtain the best transfer from the donor to the chain for the
following donor parameters:
Ed = 0.25, Dd,1 = 0.38J,
Wd,1 = 0.32W, χd,1 = 0.62χ. (19)
Such conditions for the creation of the soliton in the helix
are not the optimal ones, since in the soliton formation there
FIG. 10. End-to-end coupling: plot of max |N+1|2 for τ  500
as a function of Aa,3 for different values of Ea and the parameter
values in (18).
FIG. 11. End-to-end coupling: plot of max |N+1|2 for τ  500
as a function of Ea for different values of Aa,3 and the parameter
values in (18).
will be two contradicting tendencies: redistribution of the
electron between the three peptide groups within the same unit
cell and its dispersion to the nearest unit cell. These processes
will be accompanied by energy dissipation much stronger than
in the case of the full homogeneous coupling, and thus will
result in the generation of a much weaker soliton i.e., in a less
efficient transport of the electron along the helix.
Similarly, the type of coupling between the helix and
the acceptor plays an important role in the electron trans-
port, as we will see from this and the next section. First,
we consider the coupling of the acceptor to the same
strand as the one to which the donor is coupled (single-
strand coupling), setting Aa,2 = Aa,3 = Da,2 = Da,3 = Wa,2 =
Wa,3 = χa,2 = χa,3 = 0.
We have found that the best parameters to obtain a transfer
of the electron to the acceptor are
Ed = 0.25, Dd,1 = 0.38J, Wd,1 = 0.32W,
χd,1 = 0.62χ, Aa,1 = 6.5, Ea = 0.265,
Da,1 = 0.3J,Wa,1 = 0.37W, χa,1 = χ. (20)
As one could expect, the maximum value of the electron
probability on the acceptor |N+1|2 for τ  500 in this case is
much lower than in the full homogeneous case and is equal to
only 0.218 39, showing that in this configuration, the electron
is transferred to the acceptor with only a 20% probability.
FIG. 12. End-to-end coupling: plot of max |N+1|2 for τ  500
as a function of DaS = Da,/J for different values of = Aa,3 and the
parameter values in (18).
062205-9
BRIZHIK, LUO, PIETTE, AND ZAKRZEWSKI PHYSICAL REVIEW E 100, 062205 (2019)
FIG. 13. End-to-end coupling: plot of max |N+1|2 for τ  500
as a function of DaS = Da,/J for different values of Ea and the
parameter values in (18).
As this is quite small, we did not study the variation of
max |N+1|2 around these optimal values of the parameters.
C. End-to-end coupling
To couple the acceptor to the last peptide of the helix,
we set Aa,1 = Aa,2 = Da,1 = Da,2 = Wa,1 = Wa,2 = χa,1 =
χa,2 = 0. In this case we have obtained the best transfer using
the parameters
Ed = 0.25, Dd,1 = 0.38J, Wd,1 = 0.32W,
χd,1 = 0.62χ, Aa,3 = 1.98, Ea = 0.276,
Da,3 = 0.29J, Wa,3 = 0.002W, χa,3 = 0.04χ, (21)
and with this choice we have found that max |N+1|2 =
0.642 558, which is higher than in the previous case, although
lower than in the case of the full homogeneous coupling.
We then studied how max |N+1|2 varies when the acceptor
parameters are varied around their optimal value. This is
shown in Figs. 10–15. As with the full homogeneous cou-
pling, we have found that the absorption is mainly controlled
by a fine-tuning between Aa,3 and Ea but that there is a broader
tolerance for the values of Da, Wa, and χa.
Having analyzed the parameter stability of our model, we
now turn to the study of its thermal stability.
FIG. 14. End-to-end coupling: plot of max |N+1|2 for τ  500
as a function of WaS = Wa,/W for different values of Aa,3 and the
parameter values in (18).
FIG. 15. End-to-end coupling: plot of max |N+1|2 for τ  500
as a function of χaS = χa,/χ for different values of Aa,3 and the
parameter values in (18).
V. THERMAL STABILITY OF THE SOLITON-MEDIATED
ELECTRON TRANSPORT
So far in the study of our model, we have not taken into
account any thermal fluctuations. To include them we have
modified the model by adding to the equations for Un the
Langevin terms
Ln = Fn(τ ) − 
 dundτ , (22)
where 
 is an absorption parameter and Fn(τ ) represents the
thermal noise modeled as a Gaussian white noise of zero mean
value and variance given by
〈Fn(τ1)Fm(τ2)〉 = 2
kT δ(τ1 − τ2)δn,m, (23)
where k is the Boltzmann coefficient and for the dimensional
thermal energy kT we have kT = kT /h¯ν. To implement this
numerically, F (τ ) has to be kept constant during each time
step dτ and so we have used δ(τ1 − τ2) = 1/dτ .
For each temperature, we have performed 100 simulations
and computed the mean values of max |a|, for τ  100,
obtained from these simulations. At physiological
FIG. 16. Full homogeneous coupling: plot of max |N+1|2 for
τ  100 as a function of kT for different values of the chain length
N and 
 = 0.2.
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(b)(a)
(d)(c)
FIG. 17. Full homogeneous coupling: plot of max |N+1|2 for τ  500 as a function of 
 for different values of kT and (a) N = 15,
(b) N = 18, (c) N = 21, and (d) N = 24.
temperature, kT ≈ 0.025 eV, which in our adimensional
units corresponds to 7.12. We have thus varied kT between
0 and 10 to capture the physiological conditions when J is
smaller than 0.035 eV.
In Fig. 16 we present the variation of max |N+1|2 as a
function of temperature for different chain lengths. We see
that for short chains the temperature has a minimal effect,
while for longer chains its influence is more pronounced.
It is worth recalling that although large proteins in electron
transport chains can consist of up to a few thousand amino
acids, the α-helical parts of their globular structure consist of
up to N = 50–70 peptide groups. In transmembrane proteins
the α helices are even shorter, with N = 30 or even smaller.
Moreover, in the biggest enzymes of an electron transport
chain, such as NADH ubiquinone oxidoreductase, which is
the first and the biggest protein complex of the respiratory
chain, there is a whole pathway for the electron transport
prior to the ubiquinone reduction via several iron sulfur
clusters, connected by relatively short α helices (see [8]). So
we conclude that under physiological conditions, the transfer
of the electron from a donor to an acceptor is thermally
stable.
Looking at the data in Fig. 17, we see that the probability of
an electron transfer from the donor to the acceptor is relatively
constant when 
 < 1 and so it does not play a significant role
in the thermal stability of the electron transfer. In [15], 
,
which can only be estimated, was taken to be 0.2.
VI. CONCLUSION
In this paper we have presented a model describing the
long-range transport of an electron from a donor molecule
to an acceptor one via the nonlinear state of a large polaron
(solitonlike state) formed in a α-helical protein in a donor–α-
helix–acceptor system. Conventionally, we model the α helix
as a polypeptide chain, twisted in a helix, in which each
peptide group is coupled to its nearest neighbors by a chemical
bond and to every third neighbor by a hydrogen bond. The
helix can thus be described as three parallel strands coupled
to each other. We have found that the static polaron on such a
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helix, for the parameters that describe amide I vibration in a α-
helical protein, is a relatively broad localized hump extended
over the polypeptide macromolecule, in agreement with other
studies (see, e.g., [11,13]). In our model we have only taken
into account one phonon mode, while in real proteins there are
many other phonon modes, the interaction with which results
in a bigger value of the effective electron-lattice coupling, and
hence in stronger soliton localization than obtained here.
We then studied the transfer of an electron from a donor
molecule to the acceptor by initially placing the electron on
the donor. For the proper parameters of the couplings, the
electron was, within a very short time interval, transferred
onto the polypeptide chain, where it was self-trapped in a
polaron state, and then moved towards the other extremity of
the chain where it was absorbed by the acceptor.
We have considered three types of couplings between the
donor and the polypeptide chain as well as between the accep-
tor and the polypeptide chain. In the first case, the donor and
the acceptor were coupled, respectively, to the first three and
the last three nodes of the chain, using identical parameters,
and we called such a configuration the fully homogeneous
one. In the second configuration, the donor was coupled to
the first node of the chain and the acceptor to the last node
of the same strand or to the last node of the helix. We
call such couplings single-strand and end-to-end couplings,
respectively.
The fully homogeneous coupling is the one that leads to
the best donor-acceptor electron transport with an efficiency
of 90% or more depending on the length of the chain. The end-
to-end coupling did not work so well but still led to a transfer
probability of up to 60%, while the single-strand one was the
worst, leading only to a 20% probability transfer. These results
can be explained from the dependence of the efficiency of the
soliton generation not only on the actual parameter values of
the system but also on the type of couplings between the helix,
the donor, and the acceptor. If one uses the inverse scattering
theory for integrable systems, applied to the time evolution
of certain initial conditions for the nonlinear Schrödinger
equation that approximates Davydov solitons [16,17], these
different couplings translate into specific initial conditions
which lead to families of solitons with different efficiencies.
Our study has shown that an electron in the polaron (soli-
tonlike) state can easily propagate as a traveling wave along
the α-helical chain. The polaron that is generated in the helix
in the vicinity of the donor molecule has a complex internal
structure: It is not just a clean simple polaron localized on
a single strand; instead, it is distributed between the strands
and propagates along the helix with some intrinsic oscilla-
tions, rather than along a particular strand, which reflects its
collective hybrid nature.
Unfortunately, the exact value of the exchange interaction
for an extra electron in proteins is not known, but can be
roughly estimated at 0.05–0.1 eV, comparable to J , and the
other parameters are the same as for amide I vibration, which
were used in our model. Other related manufactured donor-
α-helix–acceptor systems, described in the Introduction, have
parameter values close to those considered here, so we can
conclude that our model for the long-range electron transport
describes these systems as well. Our results explain the exper-
imental evidence that the donor and acceptor parameters, as
well as the type of their coupling, affect the electron transport
in donor–α-helix–acceptor systems (see [62,63]).
We have also shown that when we add thermal fluctuations
to the model, the long-range electron transfer in the donor–α-
helix–acceptor system is stable at physiological temperatures.
We have thermalized a mixed quantum classical system in a
way which makes the quantum part behave classically as well.
According to [64], this results in a broadening of the soliton
wave function in the helix and in a decrease of the binding
energy of the soliton. This in turn results in a lower stability
of the soliton with respect to any perturbation, including
thermal fluctuations, compared to a proper analysis of the
thermal stability. Moreover, as shown in [65], accounting for
temperature fluctuations in the equation for lattice displace-
ments within a quantum-mechanical description results in an
effective decrease of the resonant interaction energy by the
exponential Debye-Waller factor. This then leads to a decrease
of the spatial dispersion of the electron and an increase of the
electron-lattice coupling, which itself results in an increase of
the binding energy of the soliton and, as a result, a higher
thermal stability compared to our model. A proper analysis of
thermal stability of electron transport would require a more
rigorous treatment and could be the topic of a paper on its
own. In this paper we have decided to restrict ourselves to the
simplest analysis.
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